The flow of an electrically conducting fluid in an open channel in the presence of a strong magnetic field of oblique incidence to both the channel walls and the force of gravity is explored. This type of flow has possible applications to the protection of high heat flux surfaces in magnetic confinement fusion reactors. The governing equations of fully-developed flow are derived retaining all viscous terms. They are then solved in the strong field limit in an asymptotic, iterative fashion, carrying the first two terms in the expansion with powers of the effective Hartmann number. The asymptotic solutions for the velocity, induced magnetic field and the flow rate are compared with a numerical solution of the complete governing equations. Good agreement is seen between the asymptotic and numerical predictions of velocity and electric current distribution when the core regions are dominated by magnetic forces. One novel feature of open channel flow of this type is the existence, predicted by the asymptotic analysis and confirmed by the numerical integration, of a second-order Hartmann layer on the free surface. Its presence is required to ensure the condition of no shear stress on this boundary. Also seen is the presence of strong discontinuities across free shear layers, which form along the field lines that extend from the free surface/sidewall corner.
I. INTRODUCTION
Interest in free surface, liquid metal ͑LM͒ flows has increased of late due to the possibility of utilizing flows of this type to protect high heat flux surfaces in future thermonuclear fusion reactors. These LM films must flow in the presence of the strong magnetic fields used for plasma confinement in reactors of this type. The approximate physical characteristics and dimensionless parameter ranges for such a flow are given in Table I for the tokamak divertor geometry pictured in Fig. 1 ͑dimensionless parameters are defined in the following section͒.
This paper is concerned with examining the general behavior of fully-developed, open-channel flow driven by the force of gravity down an electrically insulated channel in an oblique applied magnetic field. The governing equations are derived and previous work is discussed in Section II. An asymptotic solution for the velocity and induced magnetic field is developed in Section III in the limit of high Hartmann number, where the dominance of the magnetic forces over the viscous forces in all but thin boundary layers is assumed. The asymptotic solution is compared to a full magnetoviscous numerical solution of the governing equations and the physical results are discussed in Section IV. Detailed mathematical treatments of the surface Hartmann layers and free-shear layers, which exhibit behavior unique to freesurface flow, are given in the Appendices.
Minimal reference is made to the fusion divertor application and the development of the numerical solution, which are the subjects of separate papers.
1,2 Instead, focus is placed on the asymptotic solution and the physical results predicted, such as the presence of a higher order Hartmann layer at the free surface and the effects of oblique field incidence in an open channel. The numerical solution is used to demonstrate the accuracy of the asymptotic derivation ͑and vice-versa͒ and the presence of the free surface Hartmann layer.
II. MODEL GEOMETRY AND EQUATIONS
The geometry of the problem investigated here is shown in Fig. 1 , which approximately simulates a tokamak divertor plate with a poloidally flowing LM film in a dominantly toroidal magnetic field. The x coordinate ͑longitudinal͒ denotes the direction of dominant fluid flow, while the y coordinate ͑transverse͒ is normal to the backing plate. The constant, uniform, applied magnetic field, B a ϭ (O, B a sin␣, B a cos␣), lies in the yz-plane at an angle ␣ to the z ͑coplanar͒ coordinate direction. Other definitions include h as the film height measured along y, denoting the angle of the backing plate to the horizon ͑measured positive for downward sloping chutes͒ and finally a as the channel width with the chute walls located at Ϯa/2.
The special case of open-channel, fully-developed, laminarized ͑by magnetic field forces͒, uniform depth flow in an oblique magnetic field is analyzed in this paper. The limiting cases of ␣ϭ0, 90°, however, are not considered. The flow of conducting liquid metal in a magnetic field is governed by As a consequence of the assumption of open-channel fully-developed flow, the total pressure distribution in y is hydrostatic and the height of the flow is no longer changing as it proceeds down the channel. The velocity has only the longitudinal component, vϭ(u,0,0), driven by the force of gravity. Additionally, only the longitudinal component of the induced field will remain, B i ϭ(b,0,0), which is consistent with the fully-developed flow acting like an infinite solenoid.
In order to assume flow of constant free surface height over the cross section ͓i.e., h(z)ϭconst͔, the magnitude of the induced magnetic field must be small. The interaction between the induced currents circulating in the yz-plane with the longitudinal induced field, b, produces planar forces in the cross section that tend to distort the free surface. The presence of an applied field component in this direction exacerbates this effect. The field is thus assumed to be small so that terms of O(b 2 ) can be neglected, and the free surface height becomes a constant function of z. Even though the induced field is small, it retains physical significance as the stream function of the electric current, m j ϭ ٌϫ(bx ). Here j is the current density and m is the constant magnetic permeability, which drops out after appropriate normalization. The iso-lines of the induced magnetic field, therefore, trace out the path of the electric current in the flow.
The application of these simplifying assumptions reduces the general equations to the following system in terms of the velocity, induced magnetic field, volumetric flowrate and the uniform film height:
where the operator ٌ Ќ ‫)‪z‬ץ/ץ,‪y‬ץ/ץ,0(‪ϵ‬‬ is perpendicular to the main flow direction. Here g and Q are the acceleration of gravity and the volumetric flowrate; while , and are the electrical conductivity, mass density and kinematic viscosity of the liquid metal. The constancy of these material properties is assumed throughout this work. Similar equations have long been utilized for liquid metal magnetohydrodynamic ͑LM-MHD͒ duct flow, [5] [6] [7] but without the added complication of an unknown film height. The constant flowrate condition Eq. ͑1c͒ is required if the uniform film height h is to be computed. Equation ͑1c͒ is coupled to Eqs. ͑1a͒ and ͑1b͒ through the boundary conditions since h is the upper limit of the solution space for the velocity and induced field profiles. If h is assumed a priori, then Eq. ͑1c͒ is needed only to compute the flowrate that results in such a uniform film.
The boundary conditions for the velocity are the no-slip condition on the channel walls and the absence of shear stress on the free surface, uϭ0, at solid walls, ͑2a͒ ‫ץ‬u ‫ץ‬y ϩ B a sin ␣ m bϭ0, at free surface.
But because of Eq. ͑3͒ below, we may replace the free surface condition with ‫ץ‬u ‫ץ‬y ϭ0, at yϭh. ͑2b͒
The condition for the induced field at an electrically insulated channel boundary is simply bϭ const, due to the absence of normal current density at an insulated boundary. This constant can be assumed zero, bϭ0, at all boundaries, ͑3͒
since the boundaries will be the point of field reversal for the infinite solenoid that the flow forms. Equations ͑1a͒ and the boundary conditions are normalized using the following characteristic quantities and dimensionless parameters:
The 
The governing parameter set is effectively reduced to Ha, ␣ and either Q or ␤. The derivatives in the above equations are all of the same order of magnitude, so the relative contribution of each term can be judged by the size of the multiplying constant. The constant term on the right-hand side ͑RHS͒ of Eq. ͑7a͒ appears as O(␤ 2 ) because of the velocity normalization. In reality, it is the only driving force for fluid flow, which the sum of opposing forces on the left-hand side ͑LHS͒ must exactly balance. For instance, in flows where the ‫ץ‬b /‫ץ‬z dominates the other terms on the LHS of Eq. ͑7a͒, then b itself must be of O(Ha Ϫ1 ).
A. Previous solutions
An exact solution to Eqs. ͑7a͒-͑7c͒ in terms of an expansion in eigenfunctions in z can be found in the transverse field limit, ␣→90°. This solution can be readily obtained from the existing duct flow work of Shercliff 5 for completely insulated channels, or from Hunt 6 for the more general case of a thin conducting backing plate, by substituting ‫ץ‬p/‫ץ‬x→Ϫgsin into their solutions. This change accounts for gravity as the driving force instead of an applied pressure gradient. The solution space must also be cut in half so that the free surface at yϭh ͑equivalent to yϭ0 in Hunt͒ is exposed. The origin of coordinates, definition of dimensionless parameters and the duct size all differ here as compared to the cited references. To reconcile Hunt's solution with the present work, the following substitutions must also be made:
This solution reveals no new phenomena as compared to the well understood duct flow problem from which it is derived. An exact solution at the other extreme, ␣ϭ0°͑coplanar field͒, with completely insulated walls cannot, to our knowledge, be obtained from existing duct flow solutions or constructed in terms of eigenfunctions of an elementary nature. It is this orientation which more closely resembles the divertor geometry of Fig. 1 . Walker, 8 however, constructs an exact solution for open channel flow in a coplanar field where the sidewalls are perfectly conducting and the backing plate is either perfectly conducting as well, or perfectly insulated. Walker also presents an asymptotic solution for the case of a completely insulated channel. Both solutions show a velocity jet at the free surface, where this jet can carry an appreciable portion of the entire mass flow in the conducting wall cases. This jet is in essence a parallel layer ͑sometimes referred to as a sidelayer or a Shercliff layer͒ that is not restrained by wall friction.
An approximate solution, again for the purely coplanar case, has also been obtained by Shishko 9 by fitting Eqs. ͑1͒ with an assumed dependence of velocity and induced field on the z coordinate. This dependence is a combination of Hartmann and parabolic distributions, where the weighting between the two as a function of y is determined in such a way as to minimize residual error. This solution allows for both insulated and thin conducting walls. The Shishko treatment reveals some interesting idiosyncrasies of the free surface flow equations, like a region of multiple free surface heights for a given flowrate. Again the free surface velocity jet is observed.
For fields of oblique incidence ͑␣ 0, 90°͒, Alty 7 investigated the square duct flow geometry with two opposite walls insulated, and the other two opposing walls perfectly conducting and shorted together. Although these boundary conditions do not extrapolate well to our problem, the division of the channel into three REGIONS, separated by the presence of shear layers which form along field lines splitting the channel corners, is used here as well. As discussed in Hunt and Shercliff, 10 shear layers in MHD flow emanate from walls at points of abrupt change in wall conductivity or abrupt change in geometry. Other similarities to Alty's solution will be noted when encountered in the discussion.
B. Full numerical solution
For fields of any incident angle and thin walls of arbitrary electrical conductivity, encompassing all the cases described above, a computer code generating a numerical solution of the film flow equations was written, and is used here for comparison to the asymptotic solutions that follow. The program, FDFF, solves the problem with the value of ␤ given, and then at the end computing the required Q from Eq. ͑7c͒. The code uses a split operator scheme, where the secondorder derivatives are second-order central differenced, and the first-order derivatives are discretized with a combination of second-order central and first-order upwind differences, depending on the equivalent cell Reynolds number. A rectangular grid, where grid lines are parallel and perpendicular to the channel walls, is used to discretize the solution space. The grid is non-uniformly spaced with many grid points near the walls, at least 20 in each boundary layer, to resolve the thin viscous layers and their associated current flow. For the case of oblique magnetic field incidence, this scheme results in some artificial viscosity at sharp gradients perpendicular to the oblique applied field in the interior regions of the flow. This is a result of the first-order upwinding and the rectangular grid adopted in this numerical algorithm. Such diffusion is minimized only by the use of the finest practical interior grid point spacing.
The code has been verified against solutions for limiting cases of large and small ␤ and Ha, and against analytic solutions cited in the previous section. Sensitivity studies were performed to determine the near wall grid size required to eliminate any dependence of the solution on further grid refinements. The scheme is more fully described in Morley and Abdou, 1,2 where results for both insulated and conducting channels are presented.
Subsequent discussions will be dimensionless unless otherwise noted. Tildes over dimensionless variables will be dropped for convenience.
III. SOLUTIONS IN THE STRONG MHD LIMIT
What do we mean by the ''strong MHD limit?'' In this formulation of fully-developed flow, inertial force terms drop out of the governing equations and no longer need be considered. Therefore, we can define the strong MHD limit as the regime where magnetic forces completely dominate viscous forces in the core of the flow. ͑More generally, developing flow requires that magnetic forces must also dominate the inertial forces. The ratio of magnetic to inertial forces is generally estimated by the dimensionless interaction parameter, NϭB 2 L/u.) Viscous effects are then confined to thin layers, either along the boundaries ͑Hartmann or parallel layers͒ or along field lines emanating from the boundary corners ͑free shear layers͒.
Generally the Hartmann number is used as a measure of magnetic to viscous forces ͑in perfectly conducting ducts this ratio is given by the square of Ha͒. Here, due to the widely varying scale lengths, the role of the Hartmann number must be modified. Assuming that the derivative terms of Eq. ͑7a͒ are of the same magnitude and that the film is thin (␤Ӷ1), magnetic forces dominate when either ␤Ͻ2 tan␣, ͑10a͒
Case B: ␤Ͼ2 tan␣, ͑10b͒
which are pictured in Figs. 2͑a͒ and 2͑b͒, respectively. As seen in the figure, the solution space can be divided into three regions demarcated by the lines of force of the applied field that intercept the upper-right and lower-left corners of the flow area. The two cases merge together at ␤ϭ2 tan␣, when a single field line intersects both corners. Also at this value of ␤, the modified Hartmann numbers, defined by the LHSs of inequalities ͑8͒, are equal,
So this value of ␤ marks the point where the single Hartmann layer on the backing plate due to B y a has the same thickness as two shear layers due to B z a , one near the backing plate and one near the free surface. As we will see, this single Hartmann layer geometry is indicative of Case A, Region I; and the dual shear layers of Case B, Region I.
We undertake the asymptotic derivation for Case A by assuming that Ha␤ sin␣ is large, allowing expansion of the core solutions (u c ,b c ) as
where
The following alternate coordinates are defined parallel and perpendicular to the applied magnetic field:
where (,) are effectively normalized by the a/2 length scale. With these coordinates, Eqs. ͑7a͒ and ͑7b͒ can be rewritten as
Then to leading order in Ha␤sin␣ we have ‫ץ‬b c
where the constant term is retained as the only driving force, as per the discussion of Eqs. ͑7a͒-͑7c͒ in Section II. To the next order,
Higher order terms are neglected in this analysis, so in this way we obtain
for the first two terms in the expansions. The unknown functions f 1 , f 2 , g 1 and g 2 are obtained from the boundary conditions, which are different for each of the three regions shown in Fig. 2 . The existence of Hartmann layers at the side and bottom walls, which serve as return paths for the core current, requires that the Stewartson jump condition 11 is obeyed at each wall. For insulated walls, this condition is b c ϭu c , at yϭ0 or at zϭϪ1, ͑19a͒
The corresponding conditions that must be applied at the free surface are
which are derived in Appendix A. The second-order contribution is interpreted as a jump ͑similar in form to the Stewartson jump͒ resulting from the requirement of zero shear stress ͑as opposed to the zero velocity for the Stewartson condition͒ at the free surface. The existence of this jump, was previously alluded to in Hays and Walker, 12 and its presence is clearly demonstrated in the following section.
In addition to computing (u c ,b c ) from Eqs. ͑18a͒-͑18d͒, Eq. ͑7c͒ can be used to determine the volumetric flowrate. Only the first two terms in the large Ha␤ sin␣ expansion will be kept,
where again Q (2) /Q c (1) ϳO"(Ha␤sin␣… Ϫ1 ). The Q c (1) term results from the integration of the first-order core velocity over the duct area, while the Q (2) term is the sum of the second-order core contribution and the flow in the Hartmann layers adjacent to the walls. The next term in the expansion gives
Ϫ3/2 … and arises from the contribution of the free shear layers which are neglected in this analysis ͑but become important in cases with electrically conducting walls͒. The contribution of the free surface Hartmann layer described in Eq. ͑20b͒ is of order O"(Ha␤sin␣)
Ϫ2
… compared to leading-order terms and is also neglected in the computation of the flowrate.
Using the definitions above we can write
where these terms are computed using
͑23͒
Here Q H is the correction for reduced velocities in the Hartmann layers, ȗ ϭuϪu c (1) , which vanishes with distance from the wall. Also, ␦ H is the dimensionless Hartmann layer thickness, and s is the perimeter of the solution space adjoining a solid wall. The variables s and ␦ H are made dimensionless with the appropriate characteristic length from Eq. ͑4͒, which differs for a Hartmann layer on the backing plate as compared to that on a sidewall. Thus, for our application,
͑24͒
for Hartmann layers on the backing plate and sidewalls, respectively. As we have stated earlier, the contribution of the Hartmann layer at the free surface is negligible under these conditions. Continuing now with the solutions for (u c ,b c ), in Region I f 1 () and g 1 () are easily found from Eqs. ͑18a͒ and ͑18b͒ through the application of Eqs. ͑19a͒ and ͑20a͒. We then obtain
It is then easy to see from Eqs. ͑18c͒ and ͑18d͒ with the help of Eqs. ͑19a͒ and ͑20b͒ that
Thus the core makes no contribution to Q c (2) , and
It is verified that the ratio Q c,I (1) /Q H,I (2) is indeed of O(Ha␤sin␣).
Similarly, in Region II we find that
where the Hartmann layers on yϭ0 and zϭ1 contribute to Q H,II (2) . Finally, in Region III we similarly apply Eqs. ͑18a͒, ͑18b͒, ͑19a͒ and ͑20a͒ to get the leading-order components of the core fields,
Now, however, we see that ‫ץ‬u c (1) /‫ץ‬y 0 on yϭ1 and, therefore, a weak Hartmann layer is required on the free surface. By Eqs. ͑18c͒, ͑18d͒, ͑19a͒ and ͑20b͒ we have
The core flow contributes to the total flowrate the following terms
while the Hartmann layer on the zϭϪ1 wall gives
All the contributions to the flowrate can be assembled to determine the flowrate in the entire channel,
Ϫ2cos
completing the set of solutions for the core flow velocity, induced field and flowrate for Case A. The analysis of Case B follows the same lines, except that now Region III covers the entire free surface, and thus the whole surface will have a second-order component. The results are summarized as follows. Region I:
Region II and Region III are the same as the results of Case A since their boundary conditions do not change. However, the contribution of these regions to the flowrate will differ from Case A due to changes in the limits of integration required in Eq. ͑23͒. Total flowrate:
We see from these equations that Region I is now dominated by the z component of the applied field instead of the y component, as it is in Case A. Region I now behaves like regular Hartmann flow between two plates since the only boundaries it sees are the walls at zϭϮ1, it being no longer in contact with the free surface. The corner regions remain unchanged, but their geometry is much different. It can be verified that Eqs. ͑36͒ and ͑33͒ are in agreement at ␤ϭ2 tan␣, the transition between Case A and Case B flow.
IV. VELOCITY AND INDUCED FIELD RESULTS
Generally speaking, a comparison of (u,b) profiles generated by the asymptotic analysis and the numerical solution shows good agreement when conditions ͑9a͒ and ͑9b͒ are satisfied. The results of the analysis demonstrate that, as claimed earlier, the induced field and the velocity are of the same order of magnitude in this dimensionless system. In the following sections, we show typical examples of Case A and Case B flow. The chosen parameter values for these cases are selected so as to ensure the dominance of magnetic forces in the core regions, according to conditions ͑9a͒ and ͑9b͒; but also to maximize the size of the boundary layers, so that they are visually resolvable in data plots. This later objective is not always possible, especially on the zϭϮ1 sidewalls, but expanded axes are provided in some cases to help in visualization of the results. Better agreement between the numerical and asymptotic results is seen as the parameters Ha␤sin␣ and Ha␤ 2 cos␣ increase from the ''threshold'' examples that follow.
A. Case A flow: ␤<2 tan␣
A set of solutions representative of Case A is shown in Figs. 3 and 4 , where surface plots of u and contours of constant b ͑which serves as the stream function of electric current͒ are shown for both the asymptotic and numerical solution methods. This particular example is for Haϭ2000, ␤ϭ0.1, and ␣ϭ15°; giving Ha␤sin␣ϭ50 ͑and Ha␤ 2 cos␣Ϸ20) which satisfies condition ͑9a͒ for strong magnetic interaction in Case A. Also, noteworthy is the fact that the peak values of (u,b)Ϸ␤/Hasin␣, indicating the dominance of the ‫ץ‬b/‫ץ‬y term on the LHS of Eq. ͑7a͒, and thus the dominance of the j z B y a force. It is easy to discern the different flow regions in the figures. Region I flows at the highest speed and is essentially slug flow. The current in Region I flows parallel to the free surface, perpendicular to the y component of B a . The core of Region I, then, only feels the B y a component of the field, even though B z a is four times larger. These same traits are seen in the equivalent duct flow problem ͑see Alty, 7 for example͒, where the free surface is replaced with a solid wall, but there are several notable differences between the two flows. Since no first-order Hartmann layer forms on the free surface of Region I, all core current must return through the Hartmann layer on the backing plate. This reduction ͑by one-half͒ in the area available for current return results in a similar reduction in the amount of current flowing through the core, and thus an increase in the core velocity. The peak velocity is indeed twice that calculated for the equivalent duct flow problem. This can also be thought of in terms of the viscous drag. The absence of the solid wall at the free surface reduces the total viscous drag by one-half, thus the velocity increases by two.
Second, even though the Region I current density decreases due to the free surface flow, all the current flowing in the core of Region I must now reach the backing plate through Region II. So the total current and thus the velocity in Region II remains largely the same as that predicted in the equivalent duct flow problem. This fact is also evident from the asymptotic analysis-Region II does not border the free surface, and so obeys the same boundary conditions whether or not there is a free surface or solid wall at yϭ1. The unchanged Region II velocity, together with the increased Region I velocity in free surface flow, results in a discontinuous jump in the asymptotic velocity across, and a jet of current along, the boundary between Regions I and II ͓see Figs. 3͑a͒ and 3͑b͔͒. In reality, a free shear layer separates these regions which rounds off the velocity jump and spreads out the current jet. This phenomena can be seen more clearly in Fig. 5 , where a characteristic z cross section ͑at yϭ1/2) of the velocity is shown. At this low value of Ha␤ sin␣, the numerical velocity corner looks fairly rounded since the shear layer thickness goes like (Ha␤sin␣)
. Numerical results at larger values of Ha␤sin␣ show closer agreement with the asymptotic discontinuity, but fine interior grids must be used in these cases to minimize the effects of artificial diffusion. Notice that the cross section of the equivalent duct flow problem, also shown in the figure, has no discontinuous jump.
Region III in free-surface flow is not a mirror image of Region II, as it is in the equivalent duct flow problem. Since no current returns at the free surface, there is no need for current to flow in the Ϫy direction, from the surface though Region III, to redistribute current to the core of Region I. Thus the velocity in Region III is increased due to the absence of the Ϫ͉ j y ͉B z a retarding force, and it nearly matches up with Region I. The current emerges from the Hartmann layer on the zϭϪ1 sidewall and shows only a slight blip as it passes through the free shear layer. 
B. Case B flow: ␤>2 tan␣
Similar to Case A, a representative set of solutions for Case B flow is shown in Fig. 6 and Fig. 7 . The particular case presented has Haϭ2000, ␤ϭ0.5 and ␣ϭ5°, which gives Ha␤ 2 cos␣ϭ500 ͑and Ha␤sin␣Ϸ87). Again it is easy to discern the different flow regions in the figures, where Region III now covers the entire free surface. Therefore, the core of Region I only feels the solid walls at zϭϮ1, and the current in the core flows parallel to these walls, perpendicular to the z-component of B a . The Region I velocity is now approximately (Hacos␣)
Ϫ1
, indicating that the ‫ץ‬b/‫ץ‬z term dominates the LHS of Eq. ͑7a͒, and thus j y B z a forces dominate this region.
We expect that in Case B both Region I and Region II will be identical to the equivalent duct flow problem since neither region bounds the free surface, and this is indeed the case. The velocity forms a flat, Hartmann-like slug flow in the core. Indeed the Region I velocity and associated Hart- Region III, however, is marked by a discontinuous jump in velocity at the boundary with Region I, similar to that seen in Case A between Region II and Region I. The strong discontinuity, then, is always associated with the field line that intersects the wall/free-surface corner of the solution space. The current in the positive-z half of Region I returns to the surface through a Hartmann layer on the zϭ1 sidewall, but due to the absence of a first-order Hartmann layer on the free surface, it cannot redistribute at the surface back to the middle of the channel. The current must then redistribute by flowing along the free shear layer separating Region I and III. This jet of current, with a Ϫ j z component, interacts with (B a ŷ ) to produce the jump in velocity. The current in the Ϫz half of the channel returns to the surface along the zϭϪ1 wall and then redistributes through Region III, flowing parallel to the surface. However, it overshoots its contour in Region I due to absence of an opposing current in the surface Hartmann layer, and doubles back ͑again a negative j z component͒ through the shear layer. Thus the current jet along, and the discontinuity in velocity across, the shear layer extends over the entire width of the channel. Appendix B is included to give a more mathematical treatment of the behavior of the free-shear layers, as a complement to the physical reasoning presented here.
The velocity variation with y is more easily seen in Fig.  8͑a͒ , which shows a characteristic cross section at zϭ0 cutting all three flow regions. The asymptotic analysis predicts the magnitude of the velocity in Region III at the Region I boundary is equal to the twice the Region I core velocity. The numerical solution predicts a reduced magnitude of this jump, due to the physical smearing effect of viscosity and the non-physical effect of numerical artificial diffusion. The peak in the numerical velocity solution is at the (yϭ1, zϭ1) corner, and decreases and broadens as the shear layer traverses the channel ͑again see Appendix B͒. As the field angle approaches the coplanar limit, this shear layer becomes the free-surface velocity jet predicted by the previous solu- tions in the limit ␣→0 ͑see Section II A͒. Closer agreement between the numerical and asymptotic analysis is seen as Ha␤ 2 cos␣ increases. In Fig. 8͑a͒ , a Hartmann layer on the backing plate of
Ϫ1 is discernible near yϭ0. Also at the free surface, a layer of similar thickness is seen, where velocity predicted by the asymptotic and numerical results differ slightly. Expanding this area in Fig. 8͑b͒ , it is easily seen that this difference in velocity is equal to (Hasin␣)
Ϫ2
, exactly the second-order component of the velocity predicted in Eq. ͑30͒.
This small jump at the surface is the second-order Hartmann layer. The velocity profiile, linear in the core of Region III, must bend over near the free surface to satisfy the stress free condition given in Eq. ͑2b͒. This bending requires a positive ‫ץ‬ 2 u/‫ץ‬y 2 ͑the profile is concave up͒, and so an increase in the current density j z ϳϪ‫ץ‬b/‫ץ‬y to balance it. This results in the steepening decent of b, also pictured in Fig.  5͑b͒ . Remembering the last paragraph of Section IV A, this extra current near the surface in Region III, spreading out as it enters Region I, is what causes the current blip seen along the region boundary in the Case A flow example. The second-order components of Eq. ͑30͒ must be added to the core in the asymptotic analysis, so that the results of the asymptotic and numerical analysis match up in the body of Region III. A more mathematical derivation of the near surface behavior is given in Appendix A.
V. CONCLUSIONS
The accuracy of the asymptotic solutions derived in Section III for open-channel flow has been established when magnetic forces are dominant. Comparison of the analytic solutions to numerical solutions show good agreement of the core values of the velocity and induced field. The presence of the weak Hartmann jump at the free surface of Region III is seen to be required to match the core velocities predicted by the analytical and numerical solutions. The elongated, thin film character of the flow for fusion divertor applications makes it possible to obtain Case A flow, even at very shallow angles of the applied field. In such cases the majority of the flow is affected only by the presence of the weak poloidal field (y) field component, instead of the much stronger toroidal field (z). More about fusion divertor applications of this work is available in Morley and Abdou. 1 A comparison of the film height predictions, as a function of Ha, Q and ␣, also demonstrates agreement between the two solution methods. Some results are given in Fig. 9 for fusion relevant parameter ranges. Even near the transition between Case A and Case B flow, the analytic model is accurate. This analytic solution allows fast and accurate prediction of the uniform film height when viscous forces can be ignored, without the necessity of computing the flow field as in the numerical case. This is a valuable design tool when many film heights need to be computed for a variety of input parameters.
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